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1. Introduction 

In 1998 Francfort and Marigo 15 proposed a model of quasi-static growth of brittle 
fractures in linearly elastic bodies based on the classical Griffith criterion. 

Let 57 C M 3 be an elastic body, 8d& a part of its boundary and let g : du^i — ► K 3 be 
the spatial displacement of at the points of <9of2. According to Griffith theory, given a 
preexisting crack Ti C f2, the new crack T and the displacement u : £1 \ T — > R 3 associated 
to g at the equilibrium minimizes the following elastic energy 

(1.1) £(v,g,T):= [ n\Ev\ 2 + X\trEu\ 2 dx + H 2 {T), 

Jn 

among all cracks T with Ti C T and all displacements v : \ T — > M 3 with v = g on 
dofi \ r. Here Ev denotes the symmetric part of the gradient of v, tr denotes the trace of 
the matrix, and TL 2 denotes the two dimensional Hausdorff measure. Griffith criterion thus 
involves a competition between the bulk energy given by j n fi\Eu\ 2 + X\trEu\ 2 dx and the 
surface energy given by H 2 (r). The boundary condition is required only on dfjfl \T because 
the displacement in a fractured region is supposed to be not transmitted. We indicate by 
£(g, r) the minimum value of (|l.lfl among all v : il \ T —> R 3 with v = g on drjfl \ T. 

Suppose that the boundary displacement g varies with the time t € [0, 1]. The quasi-static 
evolution t — > T(t) proposed in rTB] requires that: 

(1) T(t) is increasing in time, i.e., T(ti) C T{t 2 ) for all Q < ti < t 2 < 1; 
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(2) £(g(t),T(t)) < £{g(t),T) for all cracks T such that U s<t r(s) C T; 

(3) the elastic energy £(g(t),T(t)) is absolutely continuous in time. 

Condition (1) stands for the irreversibility of the evolution (fracture can only increase); 
condition (2) states that each time t is of equilibrium, while condition (3) requires a regularity 
for the total energy. 

The problem of giving a precise mathematical formulation of the preceding model has 
been the object of several recent papers. In 2000, Dal Maso and Toader ^2] dealt with 
the case of antiplanar shear in dimension two: the authors consider a cylindric elastic body 
f2 = CI' X M with O' C M 2 subject to displacements of the form u(7ra;)e3 where is the 
versor of the X3-axis, and 7r is the projection on f2'. The boundary antiplanar displacement 
is assigned on do^' xK while the admissible cracks are of the form KxK with K compact 
connected subset of f2' with a prescribed number of connected components and with finite 
7i 1 -length. A generalization to non-isotropic surface energies is contained in [lfi| . 

Recently Francfort and Larsen JTJ proposed a mathematical formulation which involves 
the space SBV of special functions of bounded variation. Their approach permits to treat 
antiplanar shear in a TV-dimensional setting, and allows to consider fractures with a possibly 
infinite number of connected components. To be precise, they consider deformations of the 
form u(x)eN+i, where u G SBV(Q) and e^v+i denotes the unitary vector of the (iV+ l)-axis. 
The crack at time t is defined as T(t) xl where T(t) :— U s<t [S u ( a ) U (<9of2 H {u(s) ^ g{s)})] , 
and the pair (u(t),T(t)) is such that: 

(a) for all z G SBV(Q) 

(i.2) f \vu(t)\ 2 + n N -\T(t))< [ iv^ + w^a^u^nn^^^i^urct)); 

Jn Jn 

(b) the elastic energy £ (t) := J n \Vu(t)\ 2 + 7i JV_1 (r(t)) is absolutely continuous and 

£{t) = £ (0) + 2 [ [ Vu(T)Vg(T)dxdT. 
Jo Jn 

Numerical computations concerning this model of evolution (see [J]) are performed using 
a discretization in time procedure and an approximation of the elastic energy proposed in 
1990 by Ambrosio and Tortorelli (see |S],[H|). Being the new energy elliptic, the difficulties 
arising in the discretization of the free discontinuity term given by the fracture are avoided. 
Supposing to have determined the deformation Ui and the fracture Ki at the time ti, one 
minimizes the Ambrosio- Tortorelli functional in the domain £1 \ Ki under the boundary 
conditions g(ti + i), and hence reconstruct the couple (uj+i, -Ki+i). In this way, errors due 
to the discretization in time and to the approximation of the energy are introduced. In 
order to study the convergence of the procedure, one is led to formulate a natural notion 
of quasi-static evolution for the Ambrosio- Tortorelli functional. The aim of this paper is 
to prove the convergence of this regular evolution to an evolution of brittle fractures in the 
sense of [T3] . 

The Ambrosio- Tortorelli functional is given by 



F e (u,v) = 




where (u, v) G H 1 (S7) x i? 1 (J7), < v < 1, < rj e << e. F £ contains an elliptic part 

(1.3) / (r, £ + v 2 )\Vu\ 2 dx 

Jn 

and a surface part 

(1.4) MM e [y):=- f \Vv\ 2 dx + — f (1 - v) 2 dx 
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which is a term of Modica-Mortola type (see |17| ). 

If a sequence (u £ ,v e ) is such that F e (u e ,v e ) + ||u e ||oo < C, then v £ — > 1 strongly in 
L 2 (f2), and it turns out that, up to a subsequence, u e — > u G S'.BV(fi); roughly speaking, 
the gradient of « E becomes larger and larger in the thick regions in which v £ approaches 
zero, possibly creating some jumps in the limit. We conclude that the function u e has to be 
considered as a regularization of the deformation u, while the function v £ has to be intended 
as a function which tends to in the region where S u will appear, and to 1 elsewhere. 
Moreover and (|1.4|) have to be interpreted as regularizations of the bulk and surface 
clastic energy of u. 

In the regular context of the Ambrosio and Tortorelli functional, we define through a 
variational argument the following notion of quasi-static evolution: we find a map t — > 
(u(t),v(t)) from [0,1] to ff^fi) x H l (n), < v(t) < 1, u(t) = g(t), v(t) = 1 on d D fl such 
that: 

(a) for all < s < t < 1: w(i) < v(s); 

(b) for all (u,v) G H 1 ^) x if 1 ^) with u = g(t), v = 1 on <9 D ft, < v < v{t): 
(1.5) F e (u(t),t;(t))<F e (u,i;); 

(c) the energy f e (t) := F E (u(t),v(t)) is absolutely continuous and for all t € [0, 1] 

£ e (t)=£ e (0) + 2 f f ( V£ +v 2 (T))Wu(T)Wg(T)dxdT; 
Jo Jn 

(d) there exists a constant C depending only on g such that £ e {t) < C for all t £ [0, 1]. 

Condition (a) permits to recover in this regular context the fact that the fracture is increas- 
ing in time: in fact, as v(t) determines the fracture in the regions where it is near zero, 
the condition v(t) < v(s) ensures that existing cracks are preserved at subsequent times. 
Condition (6) reproduces the minimality condition at each time with respect to larger frac- 
tures, while condition (c) describes the evolution in time of the total energy. Condition 
(d) gives the necessary compactness in order to let e — > 0. In the particular case in which 
||<?(*)||oo < Ci for all t 6 [0, 1], it turns out that, using truncation arguments, ||u e (i)||oo < Ci 
for all t so that a uniform L°° bound is available at any time. The requirement v(t) = 1 on 
<9of2 for all t € [0, 1] is made in such a way that, letting e — > 0, the surface energy of the 
fracture in the limit is the usual one also for the part touching the boundary do&- 

The main result of the paper is that, as e — > 0, the quasi-static evolution t — > (u e (t), v e (t)) 
for the Ambrosio- Tortorelli functional converges to a quasi-static evolution for brittle frac- 
ture in the sense of ^Sj- More precisely, there exists a quasi-static evolution t —> u(t) G 
SBV(il) relative to the boundary data g and a sequence e n — > such that for all t G [0, 1] 
which arc not discontinuity points of 7i Ar ~ 1 (r(-)) we have 

v n (t)Vu £n (t) -> Vtt(t) strongly in L 2 (Q, R N ), 

[ ( %n +v en {tf)\Vu en (t)\ 2 dx^ [ \Vu(t)\ 2 dx 
Jn Jn 

and 

MM £n (v Sn (t))^H N -\T(t)). 

Moreover £ Bn (t) —> £(t) for all t G [0,1]. We thus obtain an approximation of the total 
energy at any time, and an approximation of the gradient of the deformation, of the bulk 
and the surface energy at all time up to a countable set. The main step in the proof is 
to derive the unilateral minimality property l|1.2|) from its regularized version i|1.5f) . Given 
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z G SBV(Q), a natural way consists in constructing z n S and v n G 1 (fl) with 

z„ = ,g(i), u„ = 1 on 9d0, < w„ < w„(i) and such that 

(1.6) lim / (rj E + v 2 n )\ Vz„| 2 dx = [ \X7z\ 2 dx 

" Jn Jn 

and 

(1.7) limsup [MM £ Jv n ) - MM Sn {v n (t))] < 'H N ~ 1 (S z \ T(t)) . 

n 

We thus need a recovery sequence both for the deformation and the fracture: moreover we 
have to take into account the boundary conditions and the constraint v n < v n (t). Density 
results on z, such that of considering S z polyhedral, cannot be directly applied since the set 
S z n r(i) could increase too much; on the other hand it is not possible to work in \ T(t) 
since no regularity results are available for T(t) apart from its rectifiability. It turns out 
that S z fl T(t) is the part of the fracture more difficult to be regularized, and in fact all the 
problems in the construction of (z ni v n ) are already present in the particular case S z C T(t). 
In order to fix ideas, let us suppose to be in this situation; we solve the problem in two 
steps. We firstly construct z n 6 SBV(£l) with Vz n — ► Vz strongly in L 2 (il;M. N ) and such 
that S Zn is related to u n (t) and v n (t) with precise energy estimates: this is done following 
the ideas of [I'M Theorem 2.1], that is using local reflections and gluing along the boundaries 
of suitable upper levels of u n (t), but we have to choose the upper levels in a more accurate 
way. In a second time, we regularize Ss n using not only v n (t), which is quite natural, but 
also u n (t), so that (|1.6|l and (|1.7I) hold. 

The plan of the paper is the following. We introduce in Section [3 the notation and the 
main tools employed in the rest of the paper. In Section^we treat the quasi-static evolution 
for the Ambrosio-Tortorelli functional, while in Sectional we prove the main approximation 
result. The derivation of the minimality property (|1.2|) is contained in Section 

2. Notation and Preliminaries 

In this section we state the notations and introduce the main tools used in the rest of the 
paper. 

Basic notation. In the rest of the paper, we will employ the following basic notations: 

- is an open bounded subset of R N with Lipschitz boundary; 

- doQ is a subset on <9f2 open in the relative topology; 

- L p (£l;W n ) with 1 < p < +oo and m > 1 is the Lebesgue space of p-summable 
M m -valued functions; 

- i? 1 (fi) is the Sobolev spaces of functions in L 2 (Vl) with distributional derivative in 
L 2 (Sl;R N ); 

- if u S i/ 1 (il), Vw is its gradient; 

- W*" 1 is the (N — l)-dimensional Hausdorff measure; 

- || • || co is the sup- norm; 

- 1a is the characteristic function of A; 

- if a g]0, +oo[, o(er) is such that lim CT ^o+ °( cr ) = 0- 

Special functions of bounded variation. For the general theory of functions of bounded 
variation, we refer to 0]; here we recall some basic definitions and theorems we need in the 
sequel. 

Let A be an open subset of R N , and let u : A -> W 1 . We say that u e BV(A;R n ) if 
u G L 1 (^4;K Tl ), and its distributional derivative is a vector-valued Radon measure on A. 
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We say that u G SBV(A;R n ) if u G £?V(j4;R") and its distributional derivative can be 
represented as 

Du(B)= j Vu(x)dx + / (u + {x) -u'{x))®u x dH N ~ 1 {x) 

where Vu denotes the approximate gradient of u, S u denotes the set of approximate jumps 
of u, u + and u~ are the traces of u on S u , and u x is the normal to S u at x. The space 
SBV(A;M. n ) is called the space of special functions of bounded variation. Note that if 
u G SBV(A; R"), then the singular part of Du is concentrated on S u which turns out to be 
countably H Ar_1 -rectifiable. 

We say that u G GSBV{A) if for every M > we have (u A M) V (-M) G SW(A). For 
every p G [l,oo], let us pose SBV p (A,R n ) := {u G SW(A,]ir) : Vu G L P (A; M Nxn )}, 
and GSBVP{A) := {u G GSW(A) : V« G I*)}. 

The space SBV is very useful when dealing with variational problems involving volume 
and surface energies because of the following compactness and lower semicontinuity result 
due to L.Ambrosio (see pQ, [3]). 

Theorem 2.1. Let (u k ) be a sequence in SBV(A;M. n ) such that there exist q > 1 and c > 
with 

[ \vu k \Ux + n N -\s Uk ) + \\ Uk \u A < c 

J A 

for every k G N. Then there exist a subsequence (u kh ) and a function u G SBV(A; M. n ) such 
that 

u kh —* u strongly in L 1 (A;M n ), 
(2.1) Vw fch -^Vw weaklyinL\A;M Nxn ), 

H N -\S U ) <]imm£H N -\S Ukh ). 

h h 

In the rest of the paper, we will say that u k — » u in SBV(Q) if u k and u satisfy <|2.1|) . 

Quasi-static evolution of brittle fractures. Let g : [0, 1] — > H 1 ^) be absolutely continuous; 
we indicate the gradient of g at time t by Vg(i), and the time derivative of g at time t by 
g(i). The main result of \1'6\ is the following theorem. 

Theorem 2.2. There exists a crack T(t) C SI and a field u(t) G 5.BV(f2) smc/i iftai 

(a) r(i) increases with t; 

(b) u(0) minimizes 

[ \Vv\ 2 dx + H N -\S V U{xe d D n : v(x) ^ g(0)(x)}) 
Jn 

among all v G SBV(fl) (inequalities on are intended for the traces of v and g); 

(c) for t > 0, u(t) minimizes 

[ |Vtf dx + H N - 1 ([S v U{i£ d D fl : v(x) ^ g(t)(x)}} \ T{tj) 
Jn 

among all v G SBV(Q); 

(d) S u u\ U{i£ dfjfl : u(t)(x) ^ g(t)(x)} C T(t), up to a set of Tt 1 ^ -1 -measure 0. 
Furthermore, the total energy 

£{i) := f iVuit^dx + H^iTit)) 
Jn 
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is absolutely continuous and is given by 

£(t)=£(0)+2 [ ( Vu{T)Vg{T)dxdT. 
Jo Jn 

Finally, for any countable, dense set I C [0,1], the crack T(t) and the field u(t) can be 
chosen such that 

r(t) = |J (S u{T) U{xe d D n : u(t)(x) ± 9(t)(x)}) 

T£l.T<t 

The Ambrosio-Tortorelli functional. In and Ambrosio and Tortorelli proposed an 
elliptic approximation of the Mumford-Shah functional in the sense of T-convergence. Their 
result has been extended in the vectorial case in |14|. where non- isotropic surface energies 
are also considered. For every u G GSBV(fl) let 

F(u) := [ iVupdi + W*- 1 ^) 
Jn 

the well known Mumford-Shah functional; for every (u,v) G H 1 ^) x 1 (SI) the Ambrosio- 
Tortorelli functional is defined by 

F e [u,v) := [ [r) e + w 2 )|Vw| 2 dx + £ - [ \X7v\ 2 dx + — [ (1 - vf dx 
Jn 2 J n 2e J n 

where r/ e > and r\ e « e. Let us indicate the space of Borel functions on f2 by B(Vi) and 
let us consider on £>(f2) x B(Q) the functionals 

( F{u) ueGSBV(Q),v = la.e.onQ 
I +oo otherwise 

and 

( F £ {u,v) (u,v) G ff 1 ^)) < v < 1 
F e (u,v,Q.) := I 

I +oo otherwise. 
The Ambrosio-Tortorelli result can be expressed in the following way. 

Theorem 2.3. The functionals (J- e ) on J3(Q) x S(S1) Y -converge to T with respect to the 
convergence in measure. 

In particular, we will use several times the following fact: if (u e ,v s ) G i? 1 (fi) x _ff 1 (Sl) is 
such that F e (u e ,v e ) + ||u £ ||oo < C, there exists u G SBV(VL) and a sequence Sk — > such 
that u £k — > u a.e., and 

(2.2) / iVufdx + H^iSu) <liminf F e (u e ,v e ), 

Jn 

A density result. Let A C R-" be open. We say that K C A is polyhedral (with respect 
to ^4), if it is the intersection of A with the union of a finite number of (N — l)-dimensional 
simplexes of S. 

The following density result is proved in jjjj. 

Theorem 2.4. Assume that OA is locally Lipschitz, and let u G GSBV P (A). For every 
e > 0, f/iere exists a function v G 5-By p (A) suc/i that 

(a) is essentially closed, i.e., TC N ~ 1 (S V \ S v ) — 0; 

(b) S v is a polyhedral set; 

(c) v G W k '°°(A \ 1Q for every k G N; 
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( d ) \\ v ~ u \\lp(A) < e; 

(e) ||V« - VuWlp^n) < e; 

(f) inn-^SJ-W-^SJlKe. 

Theorem 12 . 41 has been generalized to non- isotropic surface energies in ^U|. In Section 
we will use the following result. 

Proposition 2.5. Let 8n^ '■= dn\do^, B an open ball such that C B, and let Q' := B\ 
8nQ. Given g G H 1 (B) and u G SBV(Q') with u — g onft'\Cl, there exists %!% G SBV(Q') 
such that 

(a) Uh — g in Q' \ and in a neighborhood of c^fi; 

(b) S Uh is polyhedral and S Uh Q for all h; 

(c) Vu h -> V« strongly in L 2 (Cl';R N ); 

(d) for all A open subset of ft' with TC N ~ 1 (dAD S u ) — 0, we have 

UmH"- 1 ^ nS Uh ) = H N ^ 1 (A n s u ). 

h 

Proof. Using a partition of unity, we may prove the result in the case SI' := Qx] — 1,1[, 
n := {(x,y) G Qx] -1,1[: y > f(x)}, d D £l := {(x,y) G Qx] — 1,1[: y = f(x)}, where 
Q is unit cube in l^ -1 and / : Q — ► M is a Lipshitz function with values in ] — |, |[. Let 
5 G fl^fiOj and let u G SW(fi') with tt = </onfl'\n, 

Let := u(x — /ie,/v) where ejv is the versor of the iV-axis, and let tph be a cut off 
function with ip h = 1 on {y < f(x) + |}, 99/, = on {y > f(x) + |}, and ||V<Ph||oo < \- 
Let us pose v% := <Ph9 + (1 — t Ph)wh- We have that Vh = g in 11' \ O and in a neighborhood 
of 9d f2; moreover we have 

Vv h = iph^g + (1 - (ph)^w h + Vtph(g - wh). 

Since V<p h (g-w h ) -> strongly in L 2 (fl';R N ), we have Wvh — ► Vu strongly in L 2 (fi'; K ). 
Finally, for all A open subset of fl' with H N ~ 1 (dA n S" M ) = 0, we have 

limW^-^A n s„ h ) = ^-'(4 n S u ). 

h 

In order to conclude the proof, let us apply Theorem 12.41 obtaining {;/, with polyhedral 
jumps such that \v h - v h \ \ L 2 {ni) + | | Vv h - Vv h \ \ L 2 {n ,. MN) < h 2 , \H N - 1 (S Vh )-H N ~ 1 (Sz h )\ < 
h. If we pose Uh '■= ^png + (1 — y>h)vh, we obtain the thesis. □ 

3. The Main Results 

If g G W /1,1 ([0, l];_ff 1 (r2)), we indicate the gradient of g at time t by Vg(t), and the time 
derivative of g at time t by g(t). 

Concerning the Ambrosio-Tortorclli functional, the following theorem holds. 

Theorem 3.1. Let g G W 1 ' 1 ^, 1] ; 1 (£1)) . Then there exists a strongly measurable map 

[0,1] — > ff 1 (Q)x^ 1 (fi) 
* .— > (u(t),»(t)) 

sttc/i £/ia£ < i>(£) < 1 m u(t) = <7(i), v(t) — 1 on <9of2 for all t G [0, 1], and: 
(a) for all < s < t < 1 : < u(s); 
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(b) for all (u,v) G if 1 (ft) x if 1 (ft) with u = g(0), v = 1 on d D Q 

F £ (u(0),v(0)) <F £ (u,v); 

(c) for all t G]0, 1] and for all (u,v) G i7 1 (Sl) x ff^ft) ««f/i < u < on ft, and 
it = .g(<) ; w = 1 on <9oft 

F e (u(t),«(t)) < F E (u,«); 

(d) the function t — > F £ (u(t),v(t)) is absolutely continuous and 

F £ (u(t),v(t)) =F e (u(0),«(Q))+2 / / (n £ + U 2 (T))V M (r)V5(r)d a ;dr. 

Jo 

The main result of the paper is the following theorem. 

Theorem 3.2. Let g G W 1 ' 1 ^, 1]; H x (fl)) such that ||g(r)||oo < C for all t G [0, 1], and Zet 
<7h G W ' ([0, l];.ff (ft)) be a sequence of absolutely continuous functions with\\gh{t)\\oo < C, 
ffh(t) G C(ft) /or all t G [0,1] and audi i/iai ff/, -> g strongly in W 1A ([0,1\; H l (D,)). For 
all e > 0, let t —> (u £t h(t),v £t h(t)) be a quasi-static evolution for the Ambrosio-Tortorelli 
functional F e with boundary data gh given by Theorem \3.1\ 

Then there exists a quasi-static evolution t — > u(t) G SBV(Q) relative to the boundary 
data g in the sense of Theorem \2. °A and two sequences e n — > and h n — > +oo smc/i i/iai, 
posing u n := u £n> h n and v n := i> E „,/i„j ^ e following hold: 

(a) /or aZZ i G [0, 1] we /iave 

F £ „(u n (t), -%(*)) -»£(t); 

(b) if Af denotes the point of discontinuity of'H N ~ 1 (T(-)), for all t G [0, 1] \7V we have 

v n {t)Vu n {t) -> Vu(t) strongly in L 2 (ft R N ), 

lim / ( Vn + vl(t))\Vu n {t)\ 2 dx = I \Vu{t)\ 2 dx, 
n Jn Jn 

and 

lim^ / \Vv n (t)\ 2 dx + ±- f (l~v n (t)) 2 dx = n N - 1 (T(t)). 
" 2 i fi 2e„ J 

Theorem 13 . 1 1 concerning the quasi-static evolution for the Ambrosio-Tortorelli functional 
is proved in Section 0] In Section [3] we prove the compactness and approximation result 
given by Theorem 13. 21 An important step in the proof is given by Theorem l5.6l to which is 
dedicated the entire Sectional 

4. Quasi-static evolution for the Ambrosio-Tortorelli functional 

This section is devoted to the proof of Theorem 13.11 where a suitable notion of quasi- 
static evolution in a regular context is proposed. The evolution will be obtained through a 
discretization in time procedure: each step will be performed using a variational argument 
which will give the minimality property stated in points (6) and (c). 

Let g G W 1,:l ([0, 1] ; Given S > 0, let N s be the largest integer such that SN S < 1; 

for i > we pose t\ — i6 and for < i < Ns we pose gf = g(tf). Define Uq and Vq as a 
minimum for the problem 

(4.1) min{F £ (u,v) : (u, v) G H l {VL) x F x (fi), < v < 1 in ft, u = g s , v = 1 onc^ft}, 
and let (u^ +1 ,vf +1 ) be a minimum for the problem 

(4.2) imn{F £ (u,v) : (u,v) G if 1 (ft) X J2" x (ft),0 < v < vf in Q,u = gf +1 ,v = Ionian}. 



AMBROSIO-TORTORELLI APPROXIMATION OF QUASI-STATIC EVOLUTION 



n 



Problems (|4.1|l and (|4.2[1 are well posed: in fact, referring for example to problem Q4.2)) . let 
(u n ,v n ) be a minimizing sequence. Since (gf + i,vf) is an admissible pair, we obtain that 
there exists a constant C > such that for all n 

F e (u n ,v n ) < C. 

Since e,i] £ > 0, we deduce that (u n ,v n ) is bounded in 1 (SI) x so that up to a 

subsequence u n — 1 u and w„ — 1 u weakly in H 1 ^). We get immediately that u = <?,f +1 and 
v = 1 on c?£)f2 since u n = g|, j and v n = 1 on cJj^Jl for all n; on the other hand, since v n — > v 
strongly in L 2 (0), we obtain that < v < vf. By semicontinuity, we have 

F e (u, v) < liminf F E (u n , v n ) 

n 

so that (u, v) is a minimum point for problem l|4.2[) . 

We note that by minimality of the pair vf +1 ), we may write 

(4.3) F E (ui +1 ,vf +1 ) < F-M + gf +1 - gf,vf) = 
= F £ (uivf) + 2 / ( Ve + {vt) 2 )Vulv{g s l+1 - gf) dx + [ (r? £ + (^) 2 )|V(.gf +1 - gf)\ 2 dx < 



n 



*<5 



t 

<F e (uf,vf)+2 / ( % + (vi) 2 )S7u s l Vg(r)dxdT + e(8) I \\Vg(T)\\ L 2 (n . tRN) dr, 



where 



/•*r+l 

e(S) := (1 + r, E ) max / HVg^H^^.Riv) dr 

0<r<Ns-l J t s 

is infinitesimal as <5 — > 0. 

We now make a piecewise constant interpolation defining 

(4.4) u s (t)=uf, v s (t)=vf, g\t)=gt for tf < t < t* +v 

Note that by construction the map t — > i/(i) is decreasing from [0, 1] to L 2 (Q). Moreover, 
iterating the estimate (|4.3|l . we obtain 

F E (u s (t),v 5 (t)) < F e (u s (s),v s (s)) + 2 [ ( % +v 5 (T) 2 )Vu s (T)Vg(T)dxdr + 

(4.5) +e(5) / ||Vj(T)|| L2(n . RJ v ) dr 

where s s := sf with sf < s < sf+i, i 5 := if with tf < t < tf +1 . 
Note that by minimality of the pair (u s (t), v s (t)), we have 

F E (u s (t),v s (t))<F E (g 5 (t),v s (t)) 

so that 

„«w2Mn».'S^|2 / l„ i „,<5f + \2 



(4.6) / ( % + ^(^)|V U d (t)|^x< / (7? £ +v d (tr)|V 9 d (t)|^ ; r<C 1 

with Ci > independent of 8 and i. In particular by (|4.6|) we have that 

l|V^(i)|| 2 W ")<— • 



Since u 5 (t) = g S (t) on <9d^, and g s (t) is uniformly bounded in i^ 1 (SI) for all t and S, we get 
by a variant of Poincare inequality that u s (t) is uniformly bounded in iJ x (f2) for all t and S. 



in 
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Now we pass to v in order to obtain some coerciveness in the space Notice that 

rt 6 



(rie +v d (T) 2 )Vu\T)Vg(T)dxdT 



< 



< 2^ ^TT^( Ve +v s (t) 2 )\Vu s (t)\ 2 dxy ||V.9(r)|| L2(0;K « ) dr, 
and by 1)4. we obtain 



(4.7) 



(r) £ +v s (T) 2 )Vu s (r)Vg{T)dxdT 



<C 2 



with C% > independent of £ and <5. 

By 1)4 .50 with s = 0, and 1)4.7)1 . we deduce 

| JjVv s (t)\ 2 dx+±Jjl-v s (t)) 2 dx< 

f t s 



< F £ (u d (Q),i; d (0)) +2 / I {r le +v t, {TY)Vu d {T)Vg{T)dxdT + 
Jo Jn 

t s 

+ e ( s ) l|V.g(r)|| L 2 (n . R iv ) dr < 



< F E (u d (0),v d (0)) + C 2 +e(S) \\Vg(r)\\ L , { ndT. 

Jo 

We conclude that there exists C > independent of t and S such that for all t € [0, 1] 
(4.8) \\v s (t)\\ Hl{n) <C. 
We now want to pass to the limit in S as 5 — > 0. 

Lemma 4.1. There exists a sequence 6 n — ► and a strongly measurable map v : [0,1] — > 
iT^fi) swc/i i/iai tr n (i) — u(i) weakly in iJ 1 (f2) /or a/Z i G [0, 1]. Moreover, v is decreasing 
from [0, 1] to L 2 (ft), and < v(t) < 1 in tt, v(t) = 1 on d^fi /or a// 1 £ [0, 1]. 

Proof. Since the map t — > v A (i) is monotone decreasing from [0,1] to L 2 (S1), and < 
v s (t) < 1 for all t, we deduce by a variant of Helly's compactness theorem for sequences 
of monotone real functions, that there exists a subsequence 5 n — > and a decreasing map 
v : [0, 1] -> L 2 (n) such that for all t G [0, 1] we have v 5n (t) -> u(t) strongly in L 2 (f7). In 
particular we deduce < v(t) < 1 in fl. By (|4.8|) . we have that for all t G [0, 1], up to a 
subsequence, vs n (t) w weakly in 1 (O) ; since vg n (t) — > i> strongly in L 2 (f2), we deduce 
that w = v(t) so that v(t) 6 i? 1 (fi), and vs n (t) v(t) weakly in i? 1 (fi). As a consequence, 
= 1 on drj^l for all i G [0,1]. Finally, w is strongly measurable from [0,1] to i/ 1 (0) 
because it is weakly measurable and separably valued (see Chapter V, Section 4]). □ 

Let us consider the sequence 5 n , and the map v given by Lemma |4.1I We indicate 
v 5n and g Sn simply by u n , v n and g n . 

Lemma 4.2. There exists a strongly measurable map u : [0, 1] -> H 1 ^) such that u n (t) -> 
u(t) strongly in H 1 ^) for all t £ [0, 1]. In particular, u(t) = g{t) on 8d^I for all t G [0, 1]. 

Proof. Let t G [0, 1]. We note that u n (t) is the minimum of the following problem 

(r) e + vl{t))\Wz\ 2 dx : z eH\n),z = g n (t) ond D n] 



Since by Lemma ETTl ^ (t) — » strongly in L 2 (S1), and <? n (t) — » <?(i) strongly in _ff 1 (f2), we 
deduce by standard results on T-convergence (see HJ), that u„(t) — u(t) weakly in i? 1 (Sl) 
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where u(t) is the solution of the problem 

min j^(r fe +v 2 (t))\Vz\ 2 dx : z € i? 1 ^), z = g(t) ond D n\ . 

Moreover, we have also convergence of energies, that is 

(4.9) lim / ( % + v 2 n (t))\Vu n (t)\ 2 dx = [ {% + v 2 {t))\Vu{t)\ 2 dx. 

n Jn Jn 

Since v n (t)Vu n (t) — v v(t)Vu(t) weakly in L 2 (il;M. N ), we obtain 



v 2 {t)\Vu(t)\ 2 dx < liminf / v 2 n {t)\S7 u n {t)\ 2 dx, 
n " Jn 

so that by Ij4.9jl we deduce Vu n (t) — > Vu(t) strongly in L 2 (il;R N ). We conclude that 
u n {t) — > strongly in for all t G [0,1], and so the map £ — > u(t) is strongly 

measurable from [0, 1] to Finally u(t) = g(i) on 9£>f2 and the proof is complete. □ 

The following minimality property for the pair (u(t),v(t)) holds. 

Proposition 4.3. If t e]0, 1], for every (u,v) £ H 1 ^) x iT x (f2) such that < v < v(t) in 
n, and u — g(t), v = 1 on 8dQ, we have 

F E (u(t),v(t))<F E (u,v). 

Moreover, for all (u, v) £ 1 (fl) x H 1 ^) such that u = 5(0), v = 1 on do^, we have 

F e (u(0),t>(0)) <F e (u,v). 

Proof. Let us pose 

u n := u + g n (t) -g(t), 

and 

v n := min{u„(i),w}; 

we have u n — > u strongly in TJ^fJ), and u„ — ^ u weakly in ^ff 1 (S^) . Since < u„ < u„(£) in 
n, and u„ = g n (t), v n = 1 on c^fi, by the minimality property of the pair (u„(<), v n (t)) we 
get 

F e (u n (t),v n (t)) < F e (u 

that is 

(4.10) / {n e + v n {t) 2 )\Vu n (t)\ 2 dx+ £ - I \Vv n (t)\ 2 dx + ±- f (I ~ v n (t)) 2 dx < 
Jn 2 Jn Z£ Jn 

< I (Ve + v n 2 )\Vu n \ 2 dx + ^ / \Vv n \ 2 dx + ^- I (l-v n ) 2 dx. 
Jn 1 Jn Ze Jn 



Notice that 



£ - / \Vv n \ 2 dx = £ - / \Vv n (t)\ 2 dx+ £ - / \Vv\ 2 dx 

1 Jn 1 J{v n {t)<v} 1 J{v n (t)>v} 



so that (|4.10() becomes 



(r] e + v n (t) 2 )\Vu n (t)\ 2 dx + | / |Vv„(t)| 2 efe + / (1 - v„(i)) 2 da; < 



n 2 J{ Vll (t)>v} 2e 



< / (Ve + v n 2 )\Vu n \ 2 dx + ~ / |Vu| 2 <fo + i / (l-w„) 2 dx. 

Jn 2 J{v n (t)>v} 2e Jn 

For n — * oo, the right hand side is less than v). Let us consider the left hand side. By 
semicontinuity we have 

liminf - / Vv n (t)\ 2 dx > - / \X7v(t)\ 2 dx, 

n 2 J{v n (t)>v} 2 Jn 

and so we conclude that F E (u(t),v(t)) < F e (u,v). 



12 



A. GIACOMINI 



For the case t = 0, by lower semicontinuity we get immediately the result. □ 
In order to obtain the proof of Theorem 13. 11 we need the following proposition. 
Proposition 4.4. For all < s < t < 1, we have that 

F E (u(t),v(t)) - F e {u{s), v(s)) > 2 / + v 2 (t))Vu(t)(\7g(t) - Vg(s)) dx + 



-<r(t-s)J ||V.9(r)|| L 2 (0;R iv ) dr 



where a is an increasing positive function with o~(r) — > as r — > + . 
Proof. By Proposition 14. 31 we have 

F e (u(s), v(s)) < F £ {u{t) - g{t) + g(s), v(t)) 

so that 

F e (u(s), v(s)) < F e (u(t), v(t)) - 2 f (r, E + v 2 (t))Vu(t)(\7g(t) - Vff(s)) dx - 

Jn 

+ f ( Ve +v 2 (t))\Vg(t)-Vg(s)\ 2 dx. 
Jn 

Then we conclude that 

F e {u{t),v(t))-F e {u{s),v(s)) > 2 [ (T lE +v 2 (t))Vu(t)(\7g(t)-Vg(s))dx- 



where 



-a(t-s)J \\Vg(T)\\ L 2dT 
a(r) := (1 + r) s ) max / \\Vg(T)\\ L 2 (nM N } dr, 

t-s=rj s 

and so the proof is complete. □ 

We can now prove Theorem 13. II 

Proof of Theorem \y.l\ Let us consider the sequence S n — ► given by Lemma |4~T1 and let 
us indicate the discrete evolutions u Sn and v Sn defined in l|4.4|l simply by u n and v n . Let 
us denote also by u(t) and v(t) their limits at time t according to Lemma |4.1I and Lemma 
14.21 We have that the maps t — > u(t) and t — > v(t) are strongly measurable from [0, 1] to 
moreover for all t £ [0, 1] we have < v(t) < 1 in CI, u(t) = g(t), v(t) = 1 on do^l 
and t — > v(t) is decreasing from [0, 1] to L 2 (fl) so that point (a) is proved. By construction 
we get point (b) and by Proposition 14 . 31 we get point (c). 

Let us pass to condition (d). Let us fix t £ [0, 1], and let us divide the interval [0,t] in k 
subintervals with endpoints s^ := ^ where j = 0, 1, • • • , k. Let us define Uk{s) :— ^(s*^), 
and Vk(s) := w(s^ +1 ) for < s < sj+i- Then, applying Proposition 14.41 we have 

(4.11) F e (u(t),v(t)) > F e («(0),«(0)) + 2 / f (n e + i 2 {T))Vu k {T)Vg{T)dxdT + 

t 
k 

Since £ — > is monotone decreasing from [0,1] to L 2 (f2), we have that i>k(s) — > 
strongly in L 2 (f2) for a.e. s S [0,t]; consequently, we have that Wfc(s) — > u(s) strongly in 
i? 1 (r2) as noted in Lemma |4~2*1 We conclude by the Dominated Convergence Theorem that 



J o Jn 

t 

l|Vj(r)|| £a dr. 



ft c r-t 



A' 



lim / / (?7 e +^(r))Vu fc (r)V3(r)da;dr = / / (rfc + w 2 (r))Vu(r)Vg(r) dr. 



o Jo Jn 
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By (|4.11|) we deduce that 

(4.12) F e (u(t),v(t)) > F s (u(0),v(0)) +2 f f { Ve + v 2 (t))Vu(t)V 9 {t) dx dr. 

Jo Jn 

On the other hand, from l|4.5|l . and since F E (u n (0), v n (0)) = F e (u(0),v(Q)) for all n, we 
deduce 

t 

2/ 



(4.13) limsup F E (u n (t),v(t)) < F B (u(0),«(0)) + 2 / / + v 2 {t))Vu{t)V g{r) dx dr. 

n Jo Jn 

Since by semicontinuity we have for all t £ [0,1] 

F e (u(t),v(t)) < limmfF s (u» (t),v n (t)), 

n 

by 14.12|l and l|4.13|) , we conclude that 

(4.14) lim F e {u n (t),v n (t)) = F e (u(t),v(t)). 

n 

In particular 



F e (u(t),v(t)) = F E (u(Q),v(0)) + 2 / / ( Vs +v"(T))Vu(r)Vg{T)dxdr, 

Jo Jn 

and this proves point (d). □ 

Remark 4.5. The map {t — * v(t), t £ [0, 1]} is decreasing from [0, 1] to L 2 (fl), so that v 
is continuous with respect to the strong topology of L 2 (fl) at all points except a countable 
set. Since 

Kt) -=- \ \Vv(t)\ 2 dx + y [ (l-v(t)) 2 dx 

is monotone increasing (see Proposition 15. 8fl . we conclude that u : [0,1] — * 7J 1 (fi) is con- 
tinuous with respect to the strong topology at all points except a countable set. Then we 
have v G L°°([0, 1], ff 1 (fi)). Moreover, we have that u : [0, 1] — > iJ 1 (fi) is continuous at the 
continuity points of v as observed in Lemma f4. 21 We conclude that u e L°°([0, 1], H 1 ^})). 

Remark 4.6. The minimality property of point (c) of Theorem 13.11 holds indeed in this 
stronger form: if t e]0, 1], for all (u,v) £ fl^fi) x iJ 1 (f2) with < v < v(s) on Q for all 
s < i, and it = g(i), f = 1 on we have 

f £ (mW,«W) <^(«,«)- 

In fact, if < v < v(s), by the minimality property of (u(s),v(s)) we have 

F e (u(s),v(s)) < F £ (u + g(s) - g(t),v), 

so that, letting s — > t and using the continuity of F E (u(-), v(-)) we get the result. 

This stronger minimality property is the reformulation in the context of the Ambrosio- 
Tortorelli functional of the minimality of the cracks required in JS] (see the Introduction). 



5. QUASI-STATIC GROWTH OF BRITTLE FRACTURE 

In this section, we prove that the evolution for the Ambrosio-Tortorelli functional con- 
verges as e — > to a quasi-static evolution of brittle fractures in linearly elastic bodies in 
the sense of |T5] . 

Let djyfl := dfl \ d^n and let g e W /1 ' 1 ([0, 1]; iJ 1 (f2)). In order to treat in a convenient 
way the boundary condition as e — > 0, let B be an open ball such that SI C B, and let us 
pose SV := B \ 8n^1 and SId ■— SI' \ O. Let E be an extension operator from 1 (SI) to 
H X (B): we indicate Eg(t) still by g(t) for all t £ [0, 1]. 

In this enlarged context, the following proposition holds. 
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Proposition 5.1. There exists a strongly measurable map 

[o,i] — ► H x (n')x.H x {n') 

t (u(t),v(t)) 

such that for all t G [0, 1] we have < v(t) < 1 in f2' , u(t) = <7(t), u(t) = 1 on Sl^ and 

(a) /or all < s < t < 1 : v(i) < v(s); 

(b) /or a// (u,v) G i? 1 (Q / ) x if 1 (ft') wif/i u = g(0), u = 1 on D D : 

(5.1) F e (u(0),t;(0))<F e (u,«); 

(c) for t G]0,1] and /or a/Z (it, u) G if 1 (ft') x if 1 (ft') with < v < v(t) on ft', and 
u = g(t), v — 1 on ft£>: 

(5.2) F E (u(t),v(t))<F E (u,v); 

(d) i/ie function t —> F £ (u(t),v(t)) is absolutely continuous and 

(5.3) F e (u(t),v(t)) = F e (u(0),v(0)) + 2 [ f ( Ve + v 2 (t))Vu(t)V 9 (t) dx dr. 

Jo Jq' 

Proof. Let us consider the map t — > (u £ (t),v £ (t)) from [0,1] to if 1 (SI) x ff 1 (ft) given by 
Theorem 13.11 Recall that for all t G [0,1] we have u e (t) — g(t), v(t) = 1 on 9oft, and 
< v £ (t) < 1 in ft. We extend u e (t) and v £ (t) to SI' posing u e (t) = g(t) and t> e (t) = 1 on ft^. 
Then we obtain a strongly measurable map t — > (u £ (t), v £ (t)) from [0, 1] to if (ft') x if 1 (ft') 
such that < v £ (t) < 1 in SI', u e (£) = g(t), v £ (t) = 1 on ft^, and such that 

F £ (u £ (t),v £ (t)) <F £ (u,v) 

for all (u, u) G ff 1 (Sl') x if" 1 (ft') with < u < u e (f) on SI', w = g(t), v — 1 on Sl^; note in fact 
that the integrations on fto which appear in both sides are the same. By the same reason, we 
get the minimality property at time t = and deduce that the function t —> F £ (u £ (t), v £ (t)) 
is absolutely continuous with 

F £ (u £ (t),v £ (t)) =F £ (u £ (Q),v £ (0)) + 2 f f ( V£ +v 2 £ (T))Vu £ (T)Vg(T)dxdT. 

Jo J a.' 

□ 

From now on, we assume that there exists a constant C > such that for all t G 
[0,1], ||5(f) || oq < C, and that there exists g h G W^flO, 1], if 1 (ft')) such that Moo < C, 
g h G C(ft'), and -> g strongly in PF 1,:l ([0, 1], if 1 (ft')). We indicate by (u e}h ,v e fi) the 
evolution for the Ambrosio-Tortorelli functional relative to the boundary data gh given 
by Proposition 15.11 The bound on the sup-norm is made in order to apply Ambrosio's 
compactness theorem in SBV when e — -> 0. Notice that we may assume by a truncation 
argument that ||u e ,/i(i)| |oo < ||S7i(i)||oo, that is 

(5.4) IKhWIU <C. 

We conclude that n e ,/ l (i) is uniformly bounded in L°°(ft') as e, h and t vary. Moreover we 
have that the following holds. 

Lemma 5.2. There exists a constant C\ > depending only on g such that for all t G [0, 1], 

e, h 



(5.5) 



F s (u s ,h{t),V e ,h(t)) + ||lt e ,7»(t)||oo < Ci. 



AMBROSIO-TORTORELLI APPROXIMATION OF QUASI-STATIC EVOLUTION 



15 



Proof. Notice that F e (« B)h (0),« e , h (0)) < F e (g h (0), 1) so that the term F e (tt e , fc (0),t; B)fc (0)) is 
bounded as e and /i vary. We now derive an estimate for the derivative of the total energy. 
Since < v e> h{r) < 1 and r\ E — > 0, by Holder inequality we get 



(Vs + v £ ji{T) 2 )Vu eth {T)V g h {r) dx 



< 



< 2 (J ^ E +u e , h (r) 2 )|Vu e ,fc(r)| 2 ^ IIV^t)!^,.,^; 
since by the minimality property l|5.2[) 

(Ve + V E , h (T) 2 )\Vu e , h (T)\ 2 dx < { {T! e + V E<h {T) 2 )\Vg h {T)\ 2 dx, 



we get the conclusion by (|5.3I) and (|5.4() . □ 
As a consequence of Q5.5fl . we have 

{l-v e . h {t))\Vv e . h {t)\dx< £ - [ \V VEh (t)\ 2 dx + ±- I (1 - v e , h (t)) 2 dx < Ci, 

z Jn Z£ Jn 

so that the functions w £i h{t) := 1 — v £t h(t) have uniformly bounded variation. 

By coarea formula for -By-functions (see 4 Theorem 3.40]), we have that 

H N ^ {d*{v e , h (t) > s}) ds= [ (1 - v e , h (t))\Vv e , h (t)\ dx 

Jn' 

(d* denotes the essential boundary) so that by the Mean Value theorem, for all j > 1 there 
exists bl h (t) G [jttt, W~\ w ^ tn 

(5.6) ^m nN ^ { 9 *{Vs,n(t) > K,h(t)}) < Cx. 
Let us pose 

(5.7) B £ , h (t) :={bi th (t) : j >l}. 

We now let e — > 0. Let D be countable and dense in [0, 1] with G D. 

Lemma 5.3. There exists a sequence e n such that for all t G D there exists Uh{t) G 
SBV(Q'), u h (t) = g h (t) on Q D) with 

u e».h( t ) 1 K n ,h(t)>6i nih (*)} u h(t) in SBV(fl'). 
In particular for all t G D we have 

(5.8) / |V Uh (<)| 2 da; + H Ar - 1 (V( t )) + II^WIIoo <Cl 

Proof. For all t G [0, 1] we may apply Ambrosio's compactness Theorem 12 .11 to the function 
z n(t) '■= u E„,h(~t) L {v e h {t)>b 1 ,(*)}• in fact z n (i) is bounded in L°°(f2') and V2,i(t) is bounded 
in L 2 (fl') by (EU), and S Zn ^ C 9*{« E „, ft (t) > bl n h (t)} so that ^^(^(t)) is uniformly 
bounded in n by l|5.6[) . Using a diagonal argument, there exists a subsequence such that 
for all t G D, z n (t) — > u^(t) in SBV^'); in particular, we have that Uh(t) — gh(t) on 
and by (|5.5|) and the T-liminf inequality for the Ambrosio-Tortorelli functional 12.2|l . we get 
(|5~%|) . □ 

The following lemma deals with the possibility of truncating at other levels given by the 
elements of B^^if). 

Lemma 5.4. Let t G D and j > 1. For every b 3 e h (t) G B En j l (t) we have that 
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Proof. Note that, up to a subsequence, Ue n ,h(t)l{ v h (t)>b j (t)} ~~ * z m ^-B^X^') because 
of Ambrosio's Theorem 12. II By 1)5 .4|) . we have that 



||u £ „,/ i W 1 {„ e?ijh (t)>h^ „(*)} ( < ) 1 K„,h(t)>^ ii , h (t)}IU 2 ("') 



m < 



< c 



{6j Bifc (t) < v en , h {t) < bl n!h (t)} 



Since v £n .h(t) — > 1 strongly in L 2 ($!'), we conclude that 

so that 

\\ z - Uh{t)\\L2(n>) = 

= 1 ™ 1 IKn,h(*) 1 {« en)h (t)>^ nih (t)} ~ M ^^W 1 K 7l , h (t)>6i ?iih (t)}llL 2 (o') = 0, 

that is z = Uh(t) and the proof is complete. □ 

The following lemma deals with the possibility of truncating at time s using the function 
v(t) for t > s. 

Lemma 5.5. Let s.t £ D with s < t, and j > 1. Then for every b J s h (t) £ B £n j l {t) we 
have that 

u ^h{s)l {vBn h{t)> ^ h{t)} -► u h {s) in SBV{Vt'). 
Proof. Up to a subsequence, by Ambrosio's Theorem, we have that 
u ^h{s)l {vEn h[t)>Kn h{t)} -» 2 in SW(!J'). 

Since v 6n j l (t) < V £n> h(s), we have that {v en ,ji(t) > ^^(t)} C {u £n ,h(s) > Then 
we have 

ll^»^( s ) 1 {- U£ „, fc (t)>6i nih (t)}- u ^A(s) 1 K„ i; ,( s )>6j+i h ( s )}IU=(Q') <C* {tfe ni h(i) <&*„,,,(*)} ■ 

Since v ent h{t) — * 1 strongly in L 2 (f2'), we conclude that {u e „,/i(i) < \? e h {€)\ 0. By 
Lemma 15.41 we have 

u ^,h(s)l {VenMs)>b ^ h(s)} -> u h (s) in SBV{n'), 

so that z = Uh(s) and the proof is complete. □ 

We now pass to the analysis of Uh(t) with t £ D. The following minimality property for 
the functions Uh(t) with t £ D is crucial for the subsequent results. 

Theorem 5.6. Let t £ D. Then for every z £ SBV(fl') with z — gh(t) on fir), we have 
that 

[ \Vu h (t)\ 2 dx< [ \Vz\ 2 dx + H N - 1 \s z \ M s Uh[s) ). 
J ™ Jn ' \ s <t, s eD J 

The proof is quite technical, and it is postponed to Section [S] We now let h — * oo. 

Proposition 5.7. There exists h n — > oo s«c/i </ia£ /or allt £ D there exists u(t) £ SBV(fi') 
with u(t) = g(t) on f^o swc/i that Uh„(t) — > u(f) m SBV(tt'). Moreover, \7uh„(t) — > Vw(i) 
strongly in L 2 (n';R N ) and for all z £ SBV(fl') with z = g{t) on tt D we have 

f \Vu(t)\ 2 dx< f \Vz\ 2 dx + H N - 1 \S Z \ M S u{s) ). 
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Proof. The compactness is given by Ambrosio's Theorem in view of Q5.8fl . The strong 
convergence of the gradients and the minimality property is a consequence of the minimality 
property of Theorem 15 . 61 and of Theorem 2.1]. □ 

We can now deal with e and h at the same time. 

Proposition 5.8. There exists e n — > and h n — > +oo such that for all t £ D there exists 
u(t) £ SBV(Cl') with u(t) = g(t) on £Id such that for all j > 1 

u ^n,h n (t)l {Ven)hn{t)>b i n h j t)} -» «(*) in SBV(n'). 

Furthermore for all z £ iSBV^fi') with z = g{t) on flo we have 



\Vu(t)\ 2 dx < 



f iVzfdx + H"- 1 ls z \ |J S u{s) \ 
y s<t,seD J 



and we may suppose that the functions \ Sn ,h„ converge pointwise on [0, 1] to an increasing 
function A such that for all t £ D 

(5.9) A(t) > n N - x I |J S u(s) 

\s<t,seD 

Finally, we have that for all t £ D 

(5.10) f |V^)| 2 ^+W JV - 1 (5„ (t) ) + |Kt)|| 0O <d. 

JO' 

Proof. We find e n and /i„ combining Lemma 15.31 and Proposition 15 . 71 and using a diagonal 
argument. Passing to the second part of the proposition, notice that the functions Xe n ,h„ 
are monotone increasing. In fact if s < i, since v £n ,h n {t) < u e „,/i n (s), and f e „,/t„(t) = 1 on 
ill), by the minimality property 1|5.2[1 . we have that 

Fe n (Ue n ,h n (s),V en> h n (s)) < F en (u enjhn (s),V £n> h n (t)) ) 

so that 

Ae„,fo„(*)-A en>hn (s) > 

> / ( % „ + t; e „j l „(s) 2 )|Vu £ „, /l „(s)| 2 dx- / (7 ?£ „+w £n j l „(i) 2 )|Vu £ „, /l „(s)| 2 dx>0. 



Moreover by l|5.5|) we have < X £n .h rl < C\. Applying Helly's theorem, we get that there 
exists an increasing function A up to a subsequence X en ,h„ ~ y A pointwise in [0, 1]. In order 
to prove l|5.9|l . let us fix si, . . . , s m £ D n [0, t]; we want to prove that 

(5-11) A(t) = UmA En , hn (i) > H^- 1 f Q 5« (S4) ^ . 

Then taking the sup over all possible s 1; ...,s m , we can deduce l|5.9ll . Consider z n £ 
SW(ft',R m ) defined as 

z n (x) := (u £nthn (sx), . . . ,u £nthn (s m )). 

Notice that by l|5.5|) . and the fact that t — > v £n h n (t) is decreasing in L 2 (Q!), we obtain that 
there exists C > such that for all n 

/ (Ve n +V Bn ,h n {t) 2 )\^Z n {t)\ 3 dx+^- f \Vv £rl , hn (t)\ 2 dx+^- [ (l-V En . hn (t)) 2 dx<C. 

Then we may apply ^] Lemma 3.2] obtaining Ijft.lljl . Finally 15.1()|l is a consequence of 
(|5.5|) and the lower semicontinuity l|2.2|l . The proof is now concluded. □ 
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Let us extend the evolution {t — » u(t),t £ I?} of Proposition 15.81 to the entire interval 
[0, 1]. Let us pose for every t £ [0, 1] 

(5.12) r(f):= |J S u{s) . 

seD,s<t 

Proposition 5.9. For every t £ [0, 1] there exists u(t) £ SBV(fl') with u(t) = g(t) on firj 
such that Vu G L°°([Q, 1], L 2 (Q'; R N j), Vu is left continuous in [0, 1]\D with respect to the 
strong topology, and such that, ifT is as in (|5.12(l . the following hold: 

(a) for all t G [0, 1] 

(5.13) S(u(t)) C r(t) up <o a set ofH N ~ l — measure 0, 
and i/ A is as m Proposition 

(5.14) A(f) > W"- 1 ^)); 

(b) /or a// z £ SBV(n r ) with z = g(0) on fl D 

(5.15) f \^u(0)\ 2 dx + H^iSu) < f iVzpdx + H^ 1 ^). 
Jn' Jn' 

(c) for all t G]0, 1] and for all z £ SBV(Q') with z = g(t) on Qd 

(5.16) f \Vu{t)\ 2 dx<( |Vz| 2 dx + H 1 *- 1 (S z \T(t)) . 
Jn' Jn' 

Finally, 

(5.17) S (t) > S (0) + 2 / / Vu(T)V.g(T)da;dT 

Jo Jn' 

where 



(*))■ 



(5.18) £{*)•■=[ iVuWfdx + H^iT 

Jn' 

Proof. Let t £ [0, 1] \ D and let t n £ D with t n /" t; by (|5.1l)|l we can apply Ambrosio's 
Theorem obtaining u £ SBV(Q') with u — g(t) on f2£> such that u(t n ) — > u in SBy(f2') 
up to subsequences. Let us pose u(t) := u. By |131 Lemma 3.7], we have that l|5.13|l and 
l|5.16|l hold, and that the convergence Vu(t n ) — > Vu is strong in L 2 (fl';M. N ). Notice that 
Vu(i) is uniquely determined by H5.13|l and (|5.16|l since the gradient of the solutions of the 
minimum problem 

min <^ J \Vu\ 2 dx : u = g[t) on Qr>, S u C T(t) up to a set of — measure Oj 

is unique by the strict convexity of the functional. We conclude that Vu(t) is well defined. 
The argument above proves that Vu is left continuous at all the points of [0, 1] \ D. It 
turns out that Vu is continuous in [0, 1] up to a countable set. In fact let us consider 
t £ [0, 1] \ (£> U AT) where J\f is the set of discontinuities of the function H 7V_1 (r(-)). Let 
t n \ t. By Ambrosio's Theorem, we have that there exists u G SBV(Cl') with u = g(t) 
on flu such that, up to a subsequence, u(t n ) — > u in SBV(Q'). Since t is a continuity 
point of 7i 1 (r(-)), we deduce that S u C L(i) up to a set of W Ar_1 -measure 0. Moreover 
by |13l Lemma 3.7] we have that u satisfies the minimality property (|5.16|l . and Vu(i„) — > 
Vu strongly in L 2 (fl'; ~R N ). We deduce that Vu = Vu(i), and so Vu(-) is continuous in 
[0, 1] \ (DuM). We conclude that Vu(-) is continuous in [0, 1] up to a countable set, so that 
Vu G L°°{[0, l]; L 2 (Cl' ;R N )). 

We have that (j5.14|l is a direct consequence of l|5. 9J) , while (|5.15(l is a consequence of (I5.H 
and the L-convergence result of Ambrosio and Tortorelli [S] and |S] ■ 
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Finally, in order to prove (|5.17|) . we can reason in the following way. Given t S [0, 1] and 
to > 0, let s™ := — t for alH = 0, . . . ,m. Let us pose u m (s) := for s" 1 < s < s'Z_ 1 . 

By (|5.1t)|) we have 



(5.19) £(t)>£{0) + 2 



f f Vu m {T)Vg(T)dTdx + o r , 
Jo Jn' 



where o m — > for m — > +oo because g is absolutely continuous. Since Vit is continuous 
with respect to the strong topology of L 2 (fl';'R N ) in [0, 1] up to a countable set, passing to 
the limit for to — > +oo we deduce that <|5.17|) holds, and the proof is concluded. □ 

We are now in position to prove our convergence result. We need the following lemma. 

Lemma 5.10. LetJx be the set of discontinuity points of the function A given by Proposition 
15. #1 Then for every t 6 [0, 1] \ TV, and j > 1 we have that 



: „,h„(i)l Kn ihni t)>bi n h jt)} Vu W weakly in L (f2'; R ). 



Proof. Let £ G [0, 1] \7V: we may suppose that t £ D, since otherwise the result has already 
been established. Let s £ D with s < t. We pose 

J:=infi / {r] £n + v 2 ,,(<)) | Vz\ 2 dx : z = g hn (s) on Qi 



and we indicate by w n (s,t) the minimum point of this problem. Notice that u Snt h„(t) 
w n (s,t) is the minimum for 

K := inf (J (rj en + v* nihn (t))\Vz\ 2 dx : z = g hn (t) - g hn {s) on Q D \ . 

Comparing u Snj h n {t) — w n (s, i) with gu n {t) — 9h„{s), we have 

(5.20) f {Ve n +v 2 n , hn (t))\Vu e ^ hn (t)~S7w n (s,t)\ 2 dx< 
Jn' 

< [ (% n +vLhAt))Ngh n (t)~Vg hn (s)\ 2 dx. 
Jn' 

Since u £nj h„ (s) — w n (s, i) is a good test for J, we have 

(Ve n + v 2 nJln {t))Vw n {s,t)(Vu enJln (s) - Vw n (s,t))dx = 0, 
and so the following equality holds 

(Ve n + v 2 £n . hn (t))(\Vu £n , h Js)\ 2 - \Vw n (s,t)\ 2 )dx = 

{T len +v 2 nhn (t))(\Vu £n , hn {s)-Vw n (s 1 t)\ 2 )dx. 
Since v Snj h n (t) < v £n j ln (s) and by minimality of u £n j ln (s) we have 
(%n +v 2 en hn {t))\Vu £n , hn {s)\ 2 dx + X En ,h n (s) < 

■ / (»fe„ +v £n:h Js))\X7u £ ^ hn (s)\ 2 dx + \ £ ^ hn {s) < 

(Ve n +v 2 £n j l Jt))\Vw n (s,t)\ 2 dx + X £nJln (t). 



< 
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SO that 

(5.21) f (r lEn +v 2 enhn (t))(\S7u En , hn (s)-Vw n (s,t)\ 2 )dx = 

= I (Ve n + v 2 ^ hn (t))(\Vu SnMn ( S )\ 2 - \S7w n ( Sl t)\ 2 )dx < 
Jn' 

< X Sn , hn {t) - X en , hn (s). 

By (|5.2U|) and l]5.2ip . we conclude that there exists C > with 

(5.22) f (r hn +v 2 nM Jt))(\Vu enihn (t)-Vu £nJl Js)\ 2 )dx< 
Jn 1 

< C'\\Vg hn {t) - V9h n (s)\\ + (A £ „, ftn (t) - A £ „, hn (s)). 
Then we conclude that for b 3 s h (f) £ B £n j lri (t) 

(5.23) l|Vu Bw ,h n (*)l Ktiihn (i) > 6* nihB (t)} " Vu ^^«( s ) 1 K„, hn (t)>bj nAn (i)}lli 2 (n';R JV ) < 

< o(t - s) 

since A E „,fj„ — > A pointwise, and £ is a continuity point for A. Recall that by Lemma 15.51 

Vus n ,h n (s)l {Ven , hn{ t)>bi n:hn (t)} ~* Vu ( s ) weakly in L 2 (Q';R N ). 

Since 

Vu =».fc»(*) 1 K nifcB (t)>iJ B , )ln (*)} _ = 

= ( V ^.^(*) 1 K„, fcn (t)>fe^ A „W} " Vtte ».'-W 1 K„,»n(*)>^ n , hn (*)} )+ 

+ ( v «=-,fc»( a ) 1 K».h„W>^ n . fcB (*)} ~ Vu(s)) + (Vu(s) ~ Vm(<)) ' 
by Ij5.23|l and the left continuity of {r — > Vu(r)} at the points of [0, 1] \ D, we have that 

V«e R ,fc„(t)l KBihn(t)>l j B hJt)} V«(t) weakly in L 2 (f2'; R^), 

so that the lemma is proved. □ 

We can now pass to the proof of the main theorem of the paper. 

Proof of Theorem l3.2L By Proposition 15.11 we may extend (u et h{t),v Et h{t)) to ft' posing 
u e ,h{t) = gh(t) and v £ ^h(t) = 1 on £Id, obtaining a quasi-static evolution in Q' . In this 
context, the points of <9d^ where the boundary condition is violated in the limit simply 
become discontinuity points of the extended function. Thus we prove the result in this 
equivalent setting involving f2'. 

Let £„ — > and h n — ► +oo be the sequences determined by Proposition 15.81 Let us 
indicate u £nt h n {t),v £n ,h„(t) and F £n by u n (t),v n (t) and F n . Moreover, let us write B n (t) 
and V n (t) for B Snthn {t) and V e hn if). Let {t -»• u(t) G SW(fi') ,i G [0, 1]} be the evolution 
relative to the boundary data g given by Proposition l5.9l up to a subsequence, we have that 
u n (t)l^ v ( t ) >b j u\\ —> u{t) in SBV(il') for all j > 1 and for all t in a countable and dense 
subset D C [0, 1] with Oefl. Moreover we have that 

(5.24) £{t) > 8(0) + 2 [ [ Vu(T)Vg(T)dxdT, 

JO JO.' 

where £{t) := f n , \V u(t)\ 2 dx + TL N - 1 (T(t)) and T(t) is as in (|5~T2l . 

By point (6) of Proposition 15 . II and the Ambrosio-Tortorelli Theorem we have 

(5.25) limF„(u n (0),u n (0))=£(0). 
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For m > 1, notice that 



(Ve n + v n (T))Vu n (T)V g hn (T) dx = / (i] en +v n (T))Vu n {T)l {Vn{T}>b rn iT)} Vg hn (T)dx+ 

Jq' 

+ / (Ve n +vl{T))Vu n (T)l {Vn{r) < b ,r, (T)} Vg hri (T)dx. 
If r G [0, 1], we have the estimate 

(Ve n +vl(T))Vu n (T)l {Vn ( T) < b ™ {r < )} Vgh n ( T ) dx 



< 



^ \/»fe» + 22Sr ( / (»»=» + «j))|Vu„(r)| 2 d : z ) ||V<?h n (V)||z,=(n';K") 



< 



1 n C 

- Y 7?e " + 2^ ~" 2"*' 

Moreover, by Lemma f5. 101 we have that for a.e. r € [0, 1] 

lim / (r) e „ +vl{T))Vu n {T)l {Vn{T)>K(T)} Vg hn {T)dx = / Vu(t)V g{r) dx, 
and we deduce that for such r 



lim sup 



(r fen + v 2 n {T))Vu n {T)Vg hn (r) da; - / Vu(t)V 9 {t) dx 
Since m is arbitrary, we have that for a.e. r G [0, 1] 

(5.26) lim/ {i len +v 2 n (T))Vu n (T)Vg hn (T)dx= I Vu(r)Vg(r) dx. 



< 



C 



By l|5.3[) . 1|5.25[) . (|5.26|) and the Dominated Convergence Theorem, we conclude that for all 
t G [0, 1] 



(5.27) ]im F n (u„(t),v n (t)) =£(0)+2 / / Vu{T)Vg{r)dxdT. 

Jo Jn> 

Since liminf„ F n (u n (t), v n (t)) > £{t) by l|2.2|l . by l|5.24|l we have for all i G [0, 1] 

lim F n (u„(t),v n (t)) = £{t). 

n 

In particular we get 

(5.28) £{t) = £{{)) + 2 ( [ Vu(T)Vg(T)dxdT, 

Jo Jn r 

so that, recalling all the properties stated in Proposition l5.9l we deduce that {t — ► u(t) : t G 
[0, 1]} is a quasi-static evolution relative to the boundary data g. Point (a) is a consequence 
of f5^8) and (|5~2T)l . 

Let us pass to point (b). By Lemma f5. 101 we know that if TV" is the set of discontinuity 
points of A, for all t G [0, 1] \ M and for all j > 1 we have Vitn^lr^^wjjMi — 1 Vu(i) 
weakly in L 2 (Q' ,R N ). Since 

U„(*)Vw„(t) = Un(*) Vu 7»(*) 1 {« n (t)>6^(t)} + w «( < ) Vu »( < ) 1 W(t)<6 3 „W}' 

we get immediately that v n (t)\7u n (t) — 1 Vu(t) weakly in L 2 (f2', R^). For all such i, we 
have that 



liminf / + v 2 (t))|Vu„(t)| 2 > / \Vu{t)\ 2 dx, 



and by l|5.14|l 



lim inf — 

n 2 



2s 



\7v n {t)\ 2 dx + — / (l-WnWrdaj^W^- 1 ^*)) 



n Jn 
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By point (a), we have that the two preceding inequalities are equalities. In particular, A 
and H Ar_1 (r(-)) coincide up to a countable set in [0, 1]. We deduce that A and H JV_1 (r(-)) 
have the same continuity points, that is N = N '. We conclude that for all t £ [0, 1] \ Af we 
have v n (t)Vu„(t) -> Vu(t) strongly in L 2 (Cl',R N ), 



Urn / (ry £ „ + v z n {t))\V u n {t)\ 2 dx = / |Vu(t)rdc, 
n Jn' Jn> 

and 

lim^ / \Vv n (t)\ 2 dx + ^- f (l-v n (t)) 2 dx=H N -\T(t)), 
n * Jn> 2£ n Jn' 

so that point (6) is proved, and the proof of the theorem is complete. □ 

6. Proof of Theorem 15 .61 

In this section we give the proof of Theorem 15 . 61 which is an essential step in the analysis 
of Section [3] For simplicity of notation, for all t G D we write u(t), u n (t) and v n (t) for 
Uh{t), Ue n ,h{t) an d Ven,h[t) respectively. Moreover, let us write B n (t), V n {t) for B Snt h(t) and 
K n h(*)> wnere B Bnt h{t) is defined as in (|5.7|) . 

Given z G S l SV'(f2') with 2 = gh{t) on S7d, we want to see that 

(6.1) f \Vu{t)\ 2 dx< f |V*| 2 da; + W JV_1 (5, \T(t)), 

where ^(t) G ff 1 ^') H C(SF) and r(i) - (J s <t, se i3 

The plan is to use the minimality property Ij5.2[l of the approximating evolution, so that 
the main point is to construct a sequence (z n , v n ) G 1 (SI') x H 1 ^') such that z n = gh(t), 
v n = 1 on Qjj, < v n < v n (t), and such that 



lim / (?7 n + u )| Vz„| 2 cfe = / \Vz\ 2 dx 



and 

lim sup [MM„(%) - MM n {v n {t))\ < H"" 1 (5 2 \ T(t)) , 

n 

where we use the notation 

MM n {w):=^-f \Vw\ 2 dx + ^— [ (1 - w) 2 dx. 

If a sequence with these properties exists, then by property (|5.2|l we get the result. The 
following lemma contains the main ideas in order to prove Theorem 15.61 

Lemma 6.1. Let t G D; given z 6 SBV(fl') with z = gh(t) on Qd we have that 
(6.2) f \Vu{t)\ 2 dx< [ \Vz\ 2 dx + -H N - 1 (S z \S u[t) ) . 

In order to prove Lemma |6. II we need several preliminary results. Let z G SBV(fl') be 
such that z = gnif) on flo- Given a > 0, let U be a neighborhood of S u (t) such that |Z7| < cr, 
and ||Vz||i2( [ /. R N) < cr. Let C:={x6 <9oi7 : dofl is not differentiable at x}. We recall that 
there exists a countable and dense set A C M such that up to a set of W^ -1 -measure zero 

S u(t )= IJ d*E a nd*E b 

a.beA 

where E a := {x E ft' : u(t)(x) > a} and d* denotes the essential boundary. Consider 

Jj ~{x£S u{t) \C:[u(t)(x)} > -. 

with j chosen in such a way that Ti. N ~ 1 (S u ^ t ) \ Jj) < cr. For x G Jj, let ai(ir), 02(2:) G A 
be such that u~(t)(x) < a\{x) < a 2 (x) < u + (t)(x) and a 2 (x) — a\{x) > jj. Following ^| 
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Theorem 2.1], we consider a finite disjoint collection of closed cubes {Qi}i=i,... k with center 
Xi G Jj, radius n and with normal v(xi) such that Uj=i Qi — U, H N ~ 1 (Jj \ Ui=i — 17 ; 
and for alH = 1, . . . , k, j = 1, 2 

1. n N - 1 (s u(t) n 0Q<) = o; 

2. rf _1 < cH*" 1 (^(t) n Qj) for some constant c> 0; 

3. H"- 1 ([S u(t) \ d*E a . {xi) ] n Qi) < arf" 1 ; 

4. H"- 1 ({y G d*E a](xi) HQi : dist(y,i^) > §n}) < orf -1 where H 4 denotes the 
intersection of Qi with the hyperplane through Xi orthogonal to v(xi); 

5. H*- 1 ((5, \ S u(t) ) n Qi) < arf - 1 and W^" 1 ^. D dQ t ) = 0. 

Note that we may suppose that Qi C if x, G f2. Moreover we may require that (see [131 
Theorem 2.1] and references therein) for all? = 1, . . . , k and j = 1, 2 

(6-3) Peking, - 1 q +||li(o') < o- 2 rf . 

Let us indicate by Ri the rectangle given by the intersection of Q,; with the strip centered 
at Hi with width 2oTj, and let us pose Vi := {y + sv(xi) : y G dQi, s G K} n i?^. Note that 
up to changing the strip, we can suppose H N ~ 1 (dR i (~l (S^ U S z )) — 0. 
If Xi G <9of2, since X, €" C, we may require that 

(6.4) dist(<90 n Qi, Hi) < ar,; 

moreover, if (Qf \ Ri) C 57, we can assume that gh(t) < ai(xi) on dfl Qi because guif) is 
continuous and gh(t)(xi) = u~(xi) < a 1 (x i ). Similarly we may require that gh{t) > ^2(^1) 
on <9f2 n Qi in the case (Q~ \ i?j) C S7. 

Since we can reason up to subsequences of e n , we may suppose that J2 n £n — g- Since 
by (|5.5(l we have that ||« n (i)||oo < Ci an d u n (i) — > 1 strongly in L 2 (fl'), by Lemma f5. 41 we 
deduce that u n (t) — » u(£) in measure. By H6.3[l . we deduce that for ri large enough 

(6-5) |Q+\^ 2(ai) l<2<7 2 rf, 

where we use the notation E£ := {x G CI' : u n (t)(x) > a}. Let G n Cj^rj, be the set of 
all s such that 

2/^MV7». W|2 Ji/iV-1 ^ Ci 



(7 7 „ + ^(t))iv Mn (ordH A '- 1 

we get immediately by (|5.5|) that 

|G n | < ariS n , 

so that, posing G :— \J n G n , we have \G\ < ^ri and | ]j r,, | | > frj. From Q6.5J1 . 
applying Fubini's Theorem we obtain 



|ri,frd\G 



(iJ l ( S )\£; Q " 2(;C!) )d S <2 ( T 2 rf, 



so that there exists s G]fri> f^IVG such that, posing iJ 4 := Hi(s), we have 

(6.6) ^(^V^CxO-f)^ 16 ^" 1 - 
Moreover we have by construction 

(6.7) / ( Vn + vl(t))\Vu n \ 2 dH 1 "- 1 < K n , 
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where K n is of the order of In a similar way, there exists H i := ifj(s) with s G 
] - fri, -fn[ and 

(6.8) H*- 1 (j 



ffrn£"^,«|< i6or 



AT-1 



and 

(6.9) / (r?„ + ^( t ))|Vu n | 2 cW^ 1 < 

Jif: 

where K n is of the order of We indicate by Ri the intersection of with the strip 
determined by and Hf, 

A similar argument prove that, up to reducing Qi (preserving the estimates previously 
stated), we may suppose that 



(6.10) / {7 ln + v 2 n {t))\Vu n {t)\ 2 dH N - 1 <K n 



where K n is of the order of j- . 

In order to prove Lemma |6. II we claim that we can suppose z — gnif) on and in a 
neighborhood V of (?of2 \ Uj=i Qii ^ \ U«=i Ri polyhedral with closure contained in 17, and 
H N - 1 {{S Z \ S u{t) ) n Qi) < err!*- 1 for alH = l,...,k. In fact, by Proposition E31 there 
exists w m G SBV(Q') with w m — gh(t) in 17' \ 17 and in a neighborhood V m of <9d17 such 
that w m — > z strongly in L 2 (17'), Vw m — > Vz strongly in i 2 (f2';R A '), C 17 polyhedral, 
and such that for all A open subset of 17' with H N ~ 1 (dA n 5 Z ) = 0, we have 

limW^-V n S W J = ^^(i n s z ). 

in 

Let us fix er' > and let us consider for all i = 1, . . . , k a rectangle i2£ centered in Xi, 
oriented as R t and such that R[ Cixit(Ri),H N - 1 (dR' i nS z ) = 0, H Ar - 1 (S' 2 n(int(i? i )\ J RD) < 
cr'r^ -1 , where int(i?i) denotes the interior part of Ri. Let ■0i be a smooth function such 
that < tpi < 1, ipi = 1 on R[ and = outside Posing -0 := SiLiV'*! let us 
consider z m := V z + (1 — ip)w m . Note that z m — > z strongly in L (17'), Vz m — > Vz 
strongly in L 2 (Jl;K Ar ), z m = <?^(i) in 17/j and in a neig hborhood V' m of <9 D 17 \ U J= i 
^!«m \ Ui=i i s polyhedral with closure contained in 17. Finally, for m — > +00, we have 
W" -1 ^*™ \ Uti Qi) - W^" 1 ^ \ Uti Qi)) and limsup m H N ~ 1 (S Zm n (int(i?,) \ i?Q) < 
2H N - 1 {S Z n (int(i?i) \ R't)) < 2o-'rf _1 . So, if JOJ holds for z m , we obtain for m -> +00 
that (|6.2|) holds also for z since tr' is arbitrary, and so the claim is proved. 
We begin with the following lemma. 

Lemma 6.2. Let B n (t) be as in 1)5.7(1 . and let us consider b 2 n := b^(t),b^ :— bff(t) G B n (t) 
with J2 > j'3 > 1. Suppose that k n := rf- > 1 and let k, b be such that 1 < k < k n , b^ < b for 
all n. Then posing 

I%t (v n (t) - bl) + bl in {bl < v n (t) < bl) 
in {v n (t) < bl} 

v n (t) m{v n {t)>b 3 n } 

we have that w n G H 1 ^') with w n = 1 on flo, < w n < v n (t) in il' and 

2C k C C b 

(6.11) limsup (MM n (w n ) - MM n (v n {t))) < ~ ' " ' ' 



(fc-1) 2 (fc-l)(l-6) 2 (1-6) 2 ' 

where C\ is given by Moreover there exist b\ := b^(t) G B n (t) with j\ > ]2 + 1 and 

a cut-off function ip n G i? 1 (0 / ) with tp n — in {v n (t) < ip n = 1 on {v n (t) > 6 2 } (in 
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particular on ftf) ) and such that 

(6.12) limr?„ / \Vtp n \ 2 dx = 

Jn> 

Proof. w n is well defined in H 1 ^'), and by construction w n — 1 on fir) and < w n < v n (t) 
in Q' . Let us estimate MM n (w n ) — MM n (v n ). Since 

^ f \y Wn \ 2 dx= £ -^ f \s/ Vn (t)\ 2 dx + ^- [ \Vw n \ 2 dx, 

Z JO' Z J{v n (t)>bl} 1 J {bl<v n (t)<b%} 

and MM n (v n (t)) < C\ by we have that 



/ \Vw n \ 2 dx- ^ f \Vv n (t)\ 2 dx < 

JQ' * JQ' 



c n / /ft,. 



' 2 



^ f / U "i^ - 1 |V«n(*)r<fa-f / |V Un (t)|^< 



,(fc„-l)2 J {k n -lf -(fc-1) 2 

Moreover we have that 

-!- / (i - Wn ) 2 dx - -L / (i- Un (t)) 2 dx = 

= /_ . [(l-fn) 2 -(l-Un(*)) 2 ] = 



— / (v n (t) -w n )(2 -v n (t) -w n )dx 

te n JQ' 
1 

2e n »'{62<- ! ) n (t)<63} 
1 



2e n J{«„(t)<()2 } 
1 /' 1 ,., 



(v n (t) - -j^j{Vn{t) ~ bl) - bl \ (2 - V n {t) - W n ) dx + 

v n (t)(2 - v n (t)) dx = 



= 7) / T -(bi-v n (t))(2-v n (t)-w n )dx + 

ten J{bl <v n (t)<bl} K n ~ 1 

+-!- / v n (t)(2 - v n (t)) dx < 

ten J{v„(t)<b%} 

eh c x b 2 n a , Ctb 



(fc„-l)(l-63) 2 (1-6 2 ) 2 " (fc-l)(l-6) 2 (1-6) 2 

2C*ifc C x C x 6 



because l{t, " (t) - s}l < tt^V. We conclude that 



lim sup (MM n (w n ) - MM n (v n (t))) < 



(A; -1)2 (fc_l)(l-6) 2 (1-6) 2 ' 

Let ji > ]2 + 1: we have that &„ := W n x and 6 2 are not in adjacent intervals, and so there 
exists I > with < I < 6 2 — b n . Let us divide the interval [6* , 6 2 ] in h n intervals of the 
same size = 1, . ..,h n , with h n such that ^h n — > 0. Since 



E^T / \Vv n (t)\ 2 dx< § / |V« n (t)| 2 ^<C 1; 



we deduce that there exists /„ such that 



£ n /" in ,,si2 7 ^ Ci 



(6.13) -f / |V« n (t)rdx<, 

^ J{t)„(t)e/„} ft n 
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Let a n ,f3 n be the extremes of /„. Let us pose 

(6.14) ip n := — — (w„-ft„) + Al. 

Then <p n 6 <p n — in {v n {t) < b*}, y>„ = 1 on {v n (t) > 6^} (in particular on 

and by (|6.13|) and the choice of h n we have that 



r, n / \V<p n \ 2 dx = Vn / \y Vn ( t )\ 2 dx < - 0, 



I (R ^l V ^n(*)l < 7—75 

'{a„<ii„(*)<)3„} IP" — a n) t„ rt„ t 

so that the proof is complete. □ 
Let b„ be as in Lemma fo. 21 and let 5 :— so that for alH = 1, . . . , k 

ai(xi) < ai(xi) + S < a 2 (xi) - S < a 2 (x t ). 

Lemma 6.3. For each i — 1, . . . ,k, there exists w 2 ' 1 £ H 1 (Q i ) and [7^ — 7-^,7^ + t£] C 
[a 1 (x l ) + S : a 2 (x l )-S} such that < vft* < 1, u%* = in {7* -t* < u n (t) < t + ^JnQ,, 
wl' 1 = 1 on [{it„(i) < fli(a; 4 ) + f <5} U {u n {t) > a 2 {x t ) ~ jd}] n Qi, and 

fc 

(6.15) limsupVMM n (^ l )| K(f)>( ,i) < o(a). 

n i=i 

Moreover there exists ip 2 ^ 6 H 1 (Qi) such that < ip 2 ^ 1 < 1, p 2 ? — on {7* — ^ < u n (t) < 
j^ + ^fjn Qi, ip 2 / = 1 on [{u n (t) < 7; - 4} U {tt n (i) > 7; + <}] n Q h and 

(6.16) limr?„ / \Vcp% i \ 2 dx = 0. 

n JQin{v n (t)>bU 

Proof. For each i let us consider the strip 

Qi pi \ rpn 

Let /i„eN and let us divide [ai(xi)+6, a 2 (xi)—S] in h n intervals of the same size: there exists 
a subinterval with extremes a l n and (} l n such that, posing S l n := {16!!' : a l n < u n {t) < /3* }, 

(6.17) / [a( Vn + v 2 n (t))\Vu n (t)\ 2 + (1 - a)] dx < 
' / [v(Vn + v 2 n (t))\Vu n {t)\ 2 + (1 - a)} dx. 



< 



Let 7; := ^±SL and r ^ := a 2 ( Xt )-a,( Xt )-2S Wg poge 

' ("nW-7i~4) + Al in{u„(t) >7n + 7"n}nQ< 

in{7;-r;<w n (t) < 7 ; + r;}ni 



:= < 



r 4_ a , K(t) - 7; + <)- A 1 in { Un (t) < 7 ; - r* } n ■ 



We have that 



T 



/ \\7w 2 n l \ 2 dx+^- [ {l-w 2 f) 2 dx< 

JQin(v n (t)>bl} 2£ n J Q z n(v n (t)>bi } 



<t(^ / \vu n (t)\ 2 dx) +^-\sin{Q i n{v n (t)>bl l })\. 
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Since by (jo~T7|) 



{q n + vl{t))\Vu n {t)\ 2 dx < i 



'S' n nQi 
and 



1 - a, 



( Vn + v 2 n {t))\Vu n {t)\ 2 dx + \s l n n Q 



1 

h„ 



l-a 



(Tjn + vl(t))\Vu n (t)\ 2 dx + |S* ("I Qi\ 



S' n nQ z 



we have 

MM„(^)| {%(t)> i l} < 



< 



+ vl(t))\Vu n (t)\ 2 dx + - — -\s*„ n Qi\ 



1 



If h 



l-a 



fan + ^(*))|Vu„(t)| 2 d.T + n 



Summing on i = 1, . . . , k, recalling (|5.5() and letting d G]0, 1] with 7y„ + (6*) 2 > d 2 for all n, 
we obtain 



Y,MM n (w 2 n >% Vr 



m>bu 



< 



i=l 



S 2 d 2 



<7i + ^— ^|UQ<| 



1 1 



£ n h n 2 



l-a 



Ci + |UQ<| 



We choose h n in such a way that the preceding quantity is less than (recall that | U Qi \ < 
\U\ <a) 



Then we obtain 

k 



S 2 d 2 



W>bU 



(Ci + 1 - a) 



l-a 



C 1 +a 



< 



5 2 d 2 



id + l- a)) - d +a)= o{a) 



l-a 



This prove the first part of the lemma. 

Let us define (p 2 / as w 2 ' 1 but operating with the levels 7^ — T n < 7^ — and 7^ + < 
In + T n- Reasoning as above we obtain 
k 



Q 1 n{i>„(t)>6j 1 } 
since h n has been chosen of the order of — . 



V^\ 2 dx< 1 -^(C 1 + l-a)^Q 



□ 



Lemma 6.4. Let Qi C f2. Then there exists w^' 1 G H 1 (Q i ) such that < w n ' 1 < 1, iu^'* = 
m a neighborhood of H~f \ E™, X .\3 S an< ^ °f ^ ^ai(x )+ s 5' = ^ on Qi\ Ri for n 
large, and 

(6.18) limsup J] AfAf n («j^ i )| {Vn ( t)>6 i} < o(a). 

Moreover there exists a cut-off function Lp^ % £ H 1 (Qi) such that ip^ 1 = in a neighborhood 
of H+ \ E^ ixi) _ s and of Hr n E^^, = 1 on Q z \ R t for n large, B upt(V^*) C 
{w^ 1 = 0}, and 



(6.19) 



lira rjn 



in{v„(t)>6i } 
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Proof. Let irf 1 be the planes which contain Hf 1 , and for x £ fi', let tt^x be its projection 
on 71"^. Let us now consider (u n (t)), H +: we pose 



4 / / \ , , 3 , x + 



:= ^ I «n(») - a 2 (^) + A 1 

Note that ipii + is equal to zero on Hf \ E2 2 (x )-S.s an< ^ so on ^ e ^ + : = 7n} 

where 7^ is defined as in Lemma f6. 31 Moreover, = 1 on n E n , . 5 . If d G]0, 1] is 
such that r\ n + (b^) 2 > d 2 , by l|tj.7fl we have 

(6.20) / IV^+fdW"" 1 < ^ / IVttn^dW^" 1 < 

Let us define 



which is null on #+ \ E^ {xi) _ s . 

In a similar way we construct ip l r i~ and V'n" on Hi which are null on H~ n -E™^ ^ + 3 a 
and on H~ n E^,.^ respectively. Let us pose 



^ ± (7rf^) + 1(^(0;)-/;)+ 



A 1 



with -f- — > and — ► 0. This is possible since ?7„ « e n . Let := {H^~\E^. ^_ A )x] — 

e n - l % n ,e„ + l l n [n{v n (t) > 6*}. Then we have by definition of ip^, by i|6.6|). lK).2Uf) and the 
fact that K n e n is bounded in n 



lim sup MM n (w^ l ' + )\ {Vn{t)>b i n} 



limsupj^ / |Vt^A+| 2 da; + ^- / 



(l- W ^+) 2 ^< 

(*)>^> 



<limsup|y y (jV^ n K + x)| 2 + ^- ) ^+ 



so that we get 

limsupMM n (w^' + )|{ t , ri(t ) >b i} = 

n 

< linisup {|^2(e„ + £) + + \ ^ (aH ,- | )+ 



< 21imsupW w - 1 (/^+ \ ,) < 4arf r " 1 . 

n v ' 2 

Similar calculations hold for u>^' 4 ' _ . Let us pose w^' 1 ■— wff' + A w^' l '~- Then < w^ 1 < 1, 
= in a neighborhood of Hf \E n , , 3 „ and of £T~ H E n , . , 3 u>i?' ! = 1 on Qi \ i? 4 
for n large, and we have that 

limsup ^2 MM n{Wn l )\{v n {t)>bl} < o(a), 
" QiCn 

which prove the first part of the lemma. 
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Wc define 



1 



r 



A 1. 



The previous calculations prove that 

lim rj n 



Qin{u„(t)>i>i} 



since 



Vn 



(l l n) 2 



0. Moreover <p% % = 1 on Qi \ ^ f° r n large. 



□ 



Lemma 6.5. Suppose that Qi C 0; i/ien i/iere exists w^' 1 G such that < iu*'* < 1, 

— in a neighborhood of Vi, w^ 1 = 1 onVLo for n large and 



(6.21) 



lim sup MM n < o(<r). 



; CS) 



Moreover there exists a cut-off function ip^ % such that f 4 ^ 1 — in a neighborhood of Vi, 
ip^ 1 — 1 onVLo for n large, supt(V<^' 1 ) C {w^ 4 = 0}, and 



(6.22) 

Proof. Let us pose 
and 

where -f- — ► and t4 



lim 



: dx = 0. 



0. We have immediately (since X^co 1 ^Y%) — •'C ')) 
lim sup MM n (w*'*) < o{a) 



Qi cn 



while 



since 



Iimfj„ / |V<f#'| 2 da; = 
in' 

0. For n large enough, io*' 1 = 1, <^*' 1 = lonQc and the proof is complete. □ 



We recall that z = gh{t) in a neighborhood V of dCl \ UQ». 
Lemma 6.6. Let n <9rjO ^ wii/i Q+ \ R t C O. Tften , uS nftCU /or a// n, 

and there exists w b /'+ G ff^fi') with < < I, = 1 on Q D , w h ^+ = m a 

neighborhood of 



V 



n,+ 



u[(y 4 ng+)\v], 



and smc/i that 
(6.23) 



limsup ^ MM n (u# i>+ )| {t , n(t)>6 i } < o(a). 

Moreover there exists a cut-off function <p^' l ' + such that ifi^ l ' + — 1 on ilo, (p% z ' + — in a 
neighborhood of V t n ' + , supt(V^,+) C = 0}, and 



(6.24) 



lim 



Vn \ 

Jn'n{v r 



|V^<+| 2 dx = 
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Proof. Note that by construction, E n . . s f)Qi C Q since u„(i) is continuous and M„(t) = 

g/j(i) on flu. It is now sufficient to operate as in Lemma |6.4I and in Lemma |6.5I In fact, 
in view of 1()|> . we may construct w^>+ £ H 1 ^') such that < < 1, = 

in a neighborhood of Vi D E^^.^g, w^ h+ = 1 on 0_d and on Vi \ E™. an d sucn tl iat 

limsup n MM„(?i)^ ,+ )|{, )7i ( t ) > h i ij < o(a)rf^ 1 . Referring to (Vi R Q^) \ V, we can reason as 
in Lemma 16.51 getting , such that < w^ l,+ < 1, = in a neighborhood of 

(Vi n Qf) \ V, w^<+ = 1 on Q D , and such that limsup„ MM n (w b /'+) < o(a)r^-\ 

Posing w b ^ l ' + :— w b ^ l ' + A W^ ,l ' + , we get the first part of the thesis. Similarly, we may 
construct <£„' t,+ which satisfies (I6.24|) . □ 

In a similar way we can prove the following lemma. 

Lemma 6.7. Let Q l n d D Q ^ with Qr \ Ri C Q. Then Qi \ E n . s C O /or a// ri, 

and i/iere exists w^' 1 ' - £ H x (£l') wii/i < < 1, w% h ~ = I on flo, Wn l '~ — in a 

neighborhood of 

u [(^nQr)\v] , 

and smc/i £/ia£ 

(6.25) limsup MM n(w h ^-)\ {vAt)>bU <o(a). 

™ Qin9 D O^0 

Moreover there exists a cut-off function f^'^ such that f\l l, ~ = 1 on Hd, <Pn'~ — in a 
neighborhood of Vf'~ , supt(V</^ ,l '~) C {w^ 1 '^ = 0}, and 

(6.26) lim?7„ / |V<^< 1 '~| 2 dx = 

" J o' n {«„(*)> bi } 

We can now prove Lemma 16. II 

Proof of Lemma \b\l\ We employ the notation of the preceding lemmas. Following [131 The- 
orem 2.1], for each i let us define zf on Qf U Ri to be equal to z on Qf \ Ri and to the 
symmetrization of z with respect to Hi(a) on Ri. Similarly we define z~ . 

For each Qi C O, let us pose z l n to be equal to zf on (Qf \ Ri) U (£y (~l -Ri), and to z^ 
in the rest of Qi. 

If Q t n d D n ^ with Qf \RiCCl, by Lemma IO and Lemma l6~o1 we have _ ri n Q t C 
for all n, and its closure does not intersect 90. We define z l n to be equal to zf on 
(Q+ \ Ri) U n fii), and to g h (t) in the rest of Q t . If Qr \ B4 C fi, by Lemma IO and 
Lemma lo"7l we have \ £y +ri C O, and its closure does not intersect d£l. We define z l n 
to be equal to z~ on (Q^ \ i?i) U (i?i \ £y ), and to gu it) in the rest of Qi. 

Let us now define z n to be equal to z outside (Ji=i an( ^ to z n inside each Ri. We have 
2 n = 9h(t) on n^. Note that if Q 4 C 0, H+\E^ , HrnE* , V^, and <9*£™ nQi could be 
contained in Sz n ■ Similarly, if Qi PI 90 7^ and Qf \ i? 1 C CI (the other case being similar) , 
then Hf \ E^ , Vf !± and n Q % could be contained in S Sn . 

By assumption on U, we have that 

(6-27) \\z n - zlli^n') + ||Vz„ - ^z\\ L 2 {(V . RN) < o(a); 

moreover, besides the possible jumps previously individuated, z n has in Ri polyhedral jumps 
which are a reflected version of the polyhedral jumps of z in Qi. By assumption on z, we 
conclude that the union of these polyhedral sets Pi(S z ) has W*" 1 measure which is of the 
order of a that is H N - 1 (P(S Z )) < 0(0) where P(S Z ) := [f l=1 P l (S z ). 



V n ~ := 



V i\ E a*{ Xi )-& 
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Let w n be optimal for the Ambrosio-Tortorelli approximation of [S z \ ({JQi)] U P(S Z ) 
(as we can find for example in 14, Lemma 3.3]), that is w n is null in a neighborhood of 
[Sz\QJQi)]UP(S z ) and 

(6.28) limsu P MM„K) < H N -\S Z \ (UQj) U P(S Z )) < 

n 

<H N -\S z \S u (t))+o(a). 
As in let (p n be a cut-off function associated to w n , such that 

(6.29) lim?7„ / |V^„| 2 cfe = 0. 
Let us pose for all Qi C f2 

.,2,i ,„3,i „.,4,i 



and 



min{w„, io^'*} 
min{w„, w^} 

min{^ n ,^-%^-%^} infi 
min{(^„,^ ; ^} 

For all Qi such that Qi n 7^ with <3^~ let us pose 

min{w„, v% i ) v% i >+,w% i >+} in #i n £™ 



in ft \ ifc 
outside i? ? 



in i?i \ 
outside Ri 



Tam{w 2 ^\w b r i i ' + } 



w„ := < 



min{w„, w^ z ' + , u>„ 4,+ } 
1 

min{w n , w^ l ' + } 



in (i?i\B;,)uQ: 



in ifc \ (iiiUQr) 
in flu 
otherwise 



and 



2,i 3,i,+ , n b,i,+\ in Ri 



min{^ )¥3 M,+ } 



min{£„,<^>+ )(p M>+} 
1 



mm 



in(ifc\£%)UQ: 
ini2 i \(^ i UQr) 
in 17 o 
otherwise 



Similarly we reason for the case Q t \ Ri C f2. By construction, for all i = 1, . . . , k we have 
that W l n ,ip l n € i/ 1 (il / ), < «4, yj* < 1 and w l n , ip % n — 1 on Cl D for n large. 

Note that by Lemmas IO IOI KT5I and Q and by and JHHHl, we have that 



(6.30) 



lim sup MM n K ) I {„„ (t) >bU < U N - 1 (S z \ S u(t) ) + o(a) , 



:S2 
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and 

(6.31) lim?7„y/ \Vtp l n (x)\ 2 dx = 0. 



lim^ V / \Vip l n (x)\ 2 dx 
n ~{->wn{v n (t)>b\} 



We are now in a position to conclude the proof. We pose 

v„ := min{w„, w t n ,i = l,...,k}, ip n := min{<p n , ip l n , i = 1, . . . , k}. 

Note that ip n = in a neighborhood of Sj n , and cp n = 1 on CId for n large. Moreover 
< v n < w n < v n (t) in Q,' and v n = 1 on fljy. Let z n := ip n z n \ we have z n € if (fi') with 
2„ = ,9/i (t) on O^). By l|5.2[l . we have that 

Fe n (u„(t),v n (t)) < F £n (z n ,v n ), 

and so 

(Vn + v n {tf) | Vw„ (t)\ 2 dx < / (??n+^)| V(V5„ Sn | 2 da; + M M n ( u„ ) - M M n (v n (t ) ) . 



We may write 

{r)n + v n (tf)\Vu n (t)\ 2 dx < 



< / {Vn + l)\Vz n \ 2 dx+ / (r? n +<)(2V^„Vz n + 5„|V^ n r)dx+ 

k 

+ MM n {w n ) ~ MM n {v n {t)) + MM n{K)\{v n (t)>bi}- 

i=l 

Taking into account i|6.27[l . (|6.12|) . (|6.31l) . JfTHJ, and i|6.3U[) . we have that passing to the 
limit 

\Vu\ 2 dx< [ \Vz\ 2 dx + H N ~\S z \S u{t) ) + 
Jo.' 

2Ck C Cb 



o(cr), 



(fc-1) 2 (fc-l)(l-6) 2 (1-&) 2 

so that, letting a — > and then 6^0, k — > oo (which is permitted choosing appropriately 
j2 and j'3), we obtain the thesis. □ 



We can now pass to the proof of Theorem 15.61 Given = t\ < t-x < . . . < tfc = t, it is 
sufficient to prove that 

(6.32) j \Vu(t)\ 2 dx < j |Vz| 2 dx + H"- 1 (s z \ ({J S u(t A J . 



Passing to the sup on t\ , . . . , tk , we deduce in fact the thesis. We obtain 
same arguments of Lemma 16. II defining 



using the 



Jj :— < x 



€ |J ( |J [d*E k ai nd*E k a2 ]\ : ; mm fe M*)]>U, 

m=l,...,k yai,a 2 eA fc / J J 



where and Ak arc defined as the corresponding sets for u(t), following J3|> we cover Jj 
in such a way that for all Xi € Jj there exists I with Xi S S u ^ tl \ and 



iV-1 



n Qi < or 



N-l 
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So in each Qi there exists u{t{) such that U r =i S u (t r ) H Qi is essentially (with respect to the 
measure TL 1 ^ -1 ) S u r tl \ D Qi. Recalling that u n (t) < v n (ti) for all Z = 1, . . . , k, we have 

/ (Vn+Mtf^Vu^t^dxK [ {T ln + V n {t l f)\Vu n {t l )\ 2 dx < C, 
Jn' Jn' 

and so it is readily seen that the arguments of Lemma IfiTTl can be adapted to prove (|6.32J) . 

7. A FINAL REMARK 

The previous results can be extended to recover the case of non isotropic surface energies, 
i.e., energies of the form 

(7.1) f \S7u\ 2 dx + [ ip(iy x )dH N - 1 (x) 

Jn Jr 

where v x is the normal to T at x, and ip is a norm on R N . In fact all the previous arguments 
are based on Theorem 12 .31 concerning the elliptic approximation and on Theorem 12 .41 about 
the density of piecewise smooth functions with respect to the elastic energy. An elliptic 
approximation of Ambrosio-Tortorelli type of (|7.1|) has been proved in |14j , while a density 
result of piecewise smooth functions with respect to non-isotropic surface energies has been 
proved in |10j . We conclude that all the previous theorems can be modified in order to treat 
the more general energy (|7.1|l . 
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